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13 Spectral Asymptotics for Operators of Ho¨rmander Type
Andrew L. Ursitti
Abstract. An asymptotic equality of the form TrL2 e
−t(L+V ) = Ct−α +
o(t−α) as t→ 0 is given for the trace of the heat semigroup generated by opera-
tors on compact manifolds of the form L+V = −
∑m
i=1X
2
i +
∑m
i,j=1 cij [Xi,Xj ]+∑m
i=1 γiXi + V for smooth real potentials (V ) which satisfy Ho¨rmander’s
bracket-generating condition. In the self-adjoint case, a Weyl law is proved
for the spectra of such operators. Analogous results are proved for the Dirich-
let boundary value problem.
1. Introduction
In this article we shall be concerned with a general class of second-order scalar
differential operators on a compact manifoldM of dimension n ≥ 3. More precisely,
we will consider operators L of the form
(1.1) L = −
m∑
i=1
X2i +
m∑
i,j=1
cij [Xi, Xj] +
m∑
i=1
γiXi
on M , where Xi is a smooth real vector field on M and cij , γi ∈ C∞(M ;R) for
every i, j ∈ {1, . . . ,m}. More generally, we will also consider operators of the
form L + V where L is as described above and V ∈ C∞(M ;R). The presence of
the arbitrary smooth potential V renders unnecessary the separate consideration of
those operators which can be written in the form (1.1) only locally, because any such
operator can be written globally as L + V where L and V are as described above.
Here and below, µ will denote a generic volume density for M which is always
assumed to be smooth and nondegenerate but which is subject to no additional
assumptions. All notions of adjoint will refer to the Hermitian scalar product in
L2(M,µ).
Concerning such operators we will assume that the Ho¨rmander condition holds:
for all x ∈ M , any tangent vector at x ∈ M is the restriction to TxM of an
element of the Lie algebra generated over R by {X1, . . . , Xm}. For a given word
I = (i1, . . . , ij) ∈ {1, . . . ,m}j we define |I| = j. Additionally, we define the vector
field XI and the subspace Tx,jM ⊂ TxM for any point x ∈M by
XI = ad(Xi1) · · · ad(Xij−1 )Xij and Tx,jM = 〈{XI |x ∈ TxM : |I| ≤ j}〉 ,
where 〈·〉 indicates linear algebraic closure.
The function d :M×N→ N given by d(x, j) = dim Tx,jM is nondecreasing in j
for fixed x and lower semi-continuous in x for fixed j. Additionally, the Ho¨rmander
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condition can be restated as follows: there exists an integer function τ : M → N
such that d(x, τ(x)) = n; it will be assumed that τ is minimal among all functions
satisfying this property. A limit point argument using compactness and lower semi-
continuity shows that τ is bounded. In other words there is a global maximum
degree τL = max τ(·) of iterated Lie brackets of the Xi necessary to generate any
given tangent space of M .
The homogeneous dimension Q :M → N is defined by
Q(x) = d(x, 1) +
∞∑
j=2
j[d(x, j) − d(x, j − 1)] = τLn−
τL−1∑
j=1
d(x, j).
The expression on the right shows that the function Q is upper semi-continuous
and bounded. Furthermore, within any given level set of Q the level sets of d(·, j)
must be relatively open and therefore topologically separated. In other words, the
integer vector (d(·, 1), . . . , d(·, τL − 1)) is constant on the connected components of
the level sets of Q. The significance of Q(x) can be summarized briefly as follows:
in addition to the standard pointwise tangent space to the manifold M , the nature
of the operator L implies the existence of a tangential nilpotent Lie group at every
point x ∈M , and Q(x) is the Hausdorff dimension of the natural metric structure
on this group - a notion which is ubiquitous in the literature on operators of this
type ([RS76]).
Ho¨rmander’s condition along with the smoothness of V imply that L + V is
hypoelliptic and it therefore possesses a smooth, positive heat kernel EL,µV (·; ·, ·) :
M ×M × (0,∞) → (0,∞). In general, EL,µV (·; ·, ·) will not be symmetric in the
physical variables so we must specify their roles: it will be assumed that for every
x ∈M , EL,µV (x; ·, ·) solves (L+V +∂t)EL,µV (x; ·, ·) ≡ 0 onM×(0,∞) and converges
to the Dirac mass δx as t→ 0 with respect to the density µ.
Concerning the small time asymptotics of EL,µV , the following result has been
established using probabilistic techniques by Takanobu ([Tak88]), and Ben Arous
and Le´andre ([BAL91a] and [BAL91b]) in the case V ≡ 0 and also independently
by Ben Arous ([BA89]) in the case where −L is a pure sum of squares (i.e. without
drift or potential).
Theorem 1.1 ([Tak88],[BAL91a],[BAL91b]). There exist sequences of mea-
surable functions cL,µi : M → R and rL,µi : M × (0,∞) → R, i ≥ 0, such that for
N ≥ 0
(1.2) tQ(x)/2EL,µ0 (x;x, t) =
N∑
i=0
cL,µi (x)t
i + rL,µN (x, t)
and rL,µN (x, t) = o(t
N ) pointwise at every x ∈ M as t → 0. In addition, cL,µ0 is
strictly positive.
It should be mentioned at this point that in [BAL91a], [BAL91b], and
[Tak88] this result is proved for generic operators of the form −∑mi=1X2i + Y
without any restrictions on Y other than the requirement that the entire set
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{Y,X1, . . . , Xm} must satisfy the Ho¨rmander condition.1 However, the posi-
tivity of cL,µ0 relies on the special form of Y which we have taken as a hypothesis.
In fact, the heat kernel is quite pathological if Y is not of this form since in that
case the drift will overpower the diffusion and cause EL,µ0 (x;x, t) to vanish as t→ 0
faster than any power of t. See [BAL91a],[BAL91b] and [BA88] for details on
this point.
Let QL = maxQ(·). It will be useful to reinterpret Theorem 1.1 by using
(1.2) to express tQL/2EL,µ0 (x;x, t) rather than t
Q(x)/2EL,µ0 (x;x, t). This is done
as follows: if i = 0, 1, 2, 3, . . . then let cL,µi be given by Theorem 1.1, if i is a
half-integer or a negative integer then set cL,µi ≡ 0 and define for j ≥ 0, ǫL,µj/2 =∑QL
k=n c
L,µ
(j+k−QL)/2
1{Q=k}. With these definitions, ǫ
L,µ
j/2 ≡ 0 if j < QL − Q(x),
ǫL,µ(QL−Q(x))/2(x) = c
L,µ
0 (x) > 0 and (1.2) implies
(1.3) tQL/2EL,µ0 (x;x, t) =
N∑
j=0
ǫL,µj/2 (x)t
j/2 +RL,µN/2(x, t)
with RL,µN/2(x, t) = o(t
N/2) pointwise as t→ 0.
Denote Fk = {x : Q(x) ≥ k} which is a closed set due to the upper semi-
continuity of Q. As a consequence of (1.3) we have
(1.4) lim
t→0
tQL/2EL,µ0 (x;x, t) = ǫ
L,µ
0 (x) = c
L,µ
0 (x)1FQL (x)
for every x ∈M . In general this limit will not be achieved uniformly. However, in
section 2 it will be shown (Corollary 2.2) that tQL/2EL,µ0 (x;x, t) is bounded above
by an absolute constant kL, uniformly in (x, t) ∈ M × (0, 1]. On combining this
estimate with (1.4) we have
(1.5) lim
t→0
∫
tQL/2EL,µ0 (x;x, t) dµ(x) =
∫
ǫL,µ0 dµ
by dominated convergence.
In section 3 it will be shown that (1.5) holds, with the same righthand side,
with EL,µV in place of E
L,µ
0 for any nonzero V ∈ C∞(M ;R). The resulting limit
can be recast as a theorem on the asymptotic behavior of the heat trace for L+V :
Theorem 1.2. The asymptotic equality
(1.6) TrL2 e
−t(L+V ) =
(∫
ǫL,µ0 dµ
)
t−QL/2 + o(t−QL/2)
holds as t→ 0.
It is possible to have
∫
ǫL,µ0 dµ = 0, in which case the theorem gives only the
rather imprecise result that TrL2 e
−t(L+V ) = o(t−QL/2). However, according to
Theorem 1.1 since ǫL,µ0 = c
L,µ
0 1FQL ,
∫
ǫL,µ0 dµ 6= 0 if and only if FQL has positive
measure, in which case
∫
ǫL,µ0 dµ > 0.
1In this case one must define Q using an alternative definition of Tx,jM which gives weight two
to all or part of the drift vector Y (for instance, in the case of the full heat operator L = L+V +∂t,
it would be appropriate to treat ∂t as an operator of order two). This amounts to a modification
of the standard power-order filtration of differential operators and is the correct way to account
for the anisotropy produced by the mixed orders of differentiation when Y cannot be written using
iterated commutators of the Xi.
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There is a certain sense in which Theorem 1.2 is somewhat less trivial than
this short description of its proof suggests. For instance, the coefficients ǫL,µj/2 and
remainders RL,µN/2 are continuous on level sets of Q and smooth on their interiors,
and the pointwise asymptotic equality RL,µN/2(x, t) = o(t
N/2) is uniform on compact
subsets of level sets of Q (see [BA89] for proofs of these facts in the zero drift case).
Thus, if Q(·) ≡ QL is constant then the half-integer terms are irrelevant and the
remainder estimates are globally uniform, and therefore setting i = j/2 for even j
gives
(1.7) TrL2 e
−tL =
N∑
i=0
(∫
ǫL,µi dµ
)
ti−QL/2 + o(tN−QL/2)
for every N ≥ 0, just as in the elliptic case (Q(·) ≡ QL = n). However, if Q is not
constant then there seems to be no a priori reason to suspect that the integrated
remainders at order N/2 obey
∫
RL,µN/2(·, t) dµ = o(tN/2). Therefore, one cannot
na¨ıvely expect (1.7) to be true if Q is not constant since pathological effects near
the boundaries of the level sets of Q could conceivably contribute to the heat trace
in the t→ 0 limit.
In fact, this phenomenon does occur in the higher order terms of the heat trace
for elliptic boundary value problems ([Gil04],[MS67]), so in the sense that the
function Q will change discontinuously when nonconstant, there is all the more
reason to suspect that perhaps similar effects might occur on the boundaries of
the level sets of Q - even though the problem is posed on a manifold without
boundary. Therefore, one might explain Theorem 1.2 by saying that if FQL has
positive measure then any such pathological effects cannot affect the term of lowest
order in the heat trace, as is the case even with boundary value problems for elliptic
operators. A heuristic explanation as to why this should be true is provided after
the proof of Theorem 2.1.
Concerning spectral asymptotics, our main result is the following Weyl law for
the spectrum of L+ V :
Theorem 1.3. If L is formally self-adjoint and if N(λ, L + V ) denotes the
number of eigenvalues of L+ V which are not greater than λ, then the asymptotic
equality
(1.8) N(λ, L+ V ) =
∫
ǫL,µ0 dµ
Γ(QL/2 + 1)
λQL/2 + o(λQL/2)
holds as λ→∞.
Again, a necessary and sufficient condition for the positivity of the spectral
coefficient
∫
ǫL,µ0 dµ is that FQL has positive measure. In the Riemannian case
Q∆ = n, and computations involving elementary properties of the Riemannian
metric and volume form demonstrate that ǫ∆0 takes the constant value (4π)
−n/2, so
one recovers the familiar Riemannian Weyl law in which the volume of the manifold
determines the spectral coefficient. It seems that the correct interpretation of this
idea in the present context is that
∫
ǫL,µ0 dµ =
∫
cL,µ0 1FQL dµ is the volume of FQL
in the volume density hµ, where h is any positive function which coincides with
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cL,µ0 on FQL . With this in mind, (1.8) can be rewritten as
(1.9) N(λ, L+ V ) =
Volhµ(FQL)
Γ(QL/2 + 1)
λQL/2 + o(λQL/2)
where h coincides with cL,µ0 on FQL and Volhµ(·) computes the volume of a Borel
set in the density hµ.
The spectral coefficient Volhµ(FQL)/Γ(QL/2+1) exhibits interesting sensitivity
to certain perturbations of the operator L. For instance, assuming that L and L′ are
both of the form (1.1) and that L is self-adjoint, a short computation demonstrates
that for any ψ ∈ C∞(M ;R), Tψ = L+ ψ2L′/2 + (ψ2L′)∗/2 is also self-adjoint and
of the form (1.1) within a perturbation by a smooth real potential. In particular,
(1.9) applies to Tψ + V for any V ∈ C∞(M ;R). Let us assume that QL > QL′
(this is the case if, for instance, L′ is elliptic and L is not), whence
N(λ, Tψ + V ) =
Volhµ(FQL ∩ {ψ = 0})
Γ(QL/2 + 1)
λQL/2 + o(λQL/2)
where, as before, h is any positive function which coincides with cL,µ0 on FQL . Thus,
one can “control” the spectral coefficient through suitable alteration of the support
of ψ.
Before proving these results, let us comment on the existing literature related
to this problem. Asymptotic laws for the spectra of elliptic operators are known
classically, beginning with the well-known work of H. Weyl for the Dirichlet problem
in planar domains. The state of the art for elliptic problems is available in [Gil04],
among other places. Concerning the non-elliptic case, Menikoff and Sjo¨strand
([Men79],[MS78b],[MS79b],[MS79a],[MS78a]) have obtained spectral asymp-
totics for a large class of hypoelliptic pseudodifferential operators not restricted to
order two. However, they deal only with operators which are subelliptic with a loss
of at most one derivative and our techniques apply to operators which can lose any
number of derivatives strictly less than two (i.e. any number of derivatives strictly
less than the order of the operator in question) in the Sobolev scale.
The work of Fefferman and Phong ([FP80],[FP83]) and Me´tivier ([Me´t76])
is much more closely related to the present work. In [FP83], Fefferman and Phong
consider generic self-adjoint second order operators: L = −aij(x)∂xj∂xi+bi(x)∂xi+
c(x) locally (i.e. not simply those of the form
∑
X∗iXi+c) with smooth coefficients
which satisfy a subelliptic estimate of the form 〈Lu, u〉 + K‖u‖2L2 ≥ ‖u‖2Hǫ . For
operators of this type they obtain the existence of positive constants C1 ≤ C2 such
that
C1
∫
µ(BL(x, λ
−1/2))−1 dµ(x) ≤ N(λ, L) ≤ C2
∫
µ(BL(x, λ
−1/2))−1 dµ(x)
for large λ. The notation BL indicates the subunit metric balls which are naturally
associated to L and which will be described in detail in section 2. Thus, whereas our
Theorem 1.3 gives an exact spectral asymptotic law rather than simply an estimate,
it applies to a much smaller class of operators than that which is considered in
[FP83].
Finally, in [Me´t76] Me´tivier has obtained Theorem 1.3 for the Friedrichs ex-
tensions on precompact domains in general smooth manifolds (and thus on the
entirety of a given manifold, provided that it is compact) of operators of the form∑m
i=1X
∗
iXi+V under the additional assumption that the homogeneous dimension
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Q is constant. Theorem 1.3 can therefore be seen as a more or less direct gener-
alization of Me´tivier’s results in the case of compact manifolds. For the Dirichlet
boundary value problem, an analogous generalization is presented in section 4. The
author would like to thank his advisor, Fabrice Baudoin, for suggesting this topic
of research.
2. A Uniform Diagonal Estimate for EL,µ0 in Small Times
While the infinite differentiability of t 7→ tQ(x)/2EL,µ0 (x;x, t) is a noteworthy
fact, we will only be concerned with the existence and positivity of the point-
wise limit ǫL,µ0 (x) = limt→0 t
QL/2EL,µ0 (x;x, t). In this section we will prove that
tQL/2EL,µ0 (x;x, t) is bounded uniformly in M × (0, 1] so that the dominated con-
vergence theorem can be used to compute the t→ 0 limit of the integral∫
M
tQL/2EL,µ0 (x;x, t) dµ = t
QL/2TrL2 e
−tL.
This estimate will be deduced as a corollary of the following theorem:
Theorem 2.1. For any fixed x∗ ∈ M , there exists an open neighborhood
Nx∗ ∋ x∗ and a positive constant k(x∗) > 0 such that EL,µ0 (x;x, t) ≤ k(x∗)t−Q(x∗)/2
provided that x ∈ Nx∗ and 0 < t ≤ 1.
In other words, the estimate of the form EL,µ0 (x∗;x∗, t) ≤ c(x∗)t−Q(x∗)/2 for
small t which follows immediately from Theorem 1.1, holds in a full open neighbor-
hood of x∗ provided that the constant c(x∗) is appropriately modified. Assuming
for the moment that Theorem 2.1 holds, we can state and prove the aforementioned
corollary:
Corollary 2.2. There exists an absolute constant kL > 0 such that
tQL/2EL,µ0 (x;x, t) ≤ kL
for all x ∈M and 0 < t ≤ 1.
Proof. From Theorem 2.1, tQL/2EL,µ0 (x;x, t) ≤ k(x∗)tQL/2−Q(x∗)/2 for all
x ∈ Nx∗ provided 0 < t ≤ 1. However, since QL = maxQ(·), the exponent
QL/2−Q(x∗)/2 is nonnegative so that in fact tQL/2EL,µ0 (x;x, t) ≤ k(x∗) for 0 < t ≤
1. SinceM is assumed to be compact, there must exist a finite set {x1, . . . , xq} ⊂M
such thatM ⊂ Nx1∪. . .∪Nxq . Thus, a generic point x ∈M is an element of Nxl for
some l ≤ q and therefore the corollary holds with kL = max{k(xl) : 1 ≤ l ≤ q}. 
The rest of this section will be devoted to the proof of Theorem 2.1. To begin
the proof we recall the well known fact that the heat kernel EL,µ0 can be controlled
by the µ-volumes of certain metric balls. To explain the situation, let us define
for any connected open subset U ⊂ M , three sets of curves indexed by δ ≥ 0 and
x, y ∈ U :
(1) CU (x, y, δ): this set consists of all absolutely continuous curves c : [0, 1]→
U such that c(0) = x, c(1) = y, and such that for almost every t ∈ [0, 1],
c′(t) can be written as
∑
|I|≤τL
aI(t)XI with |aI(t)| < δ|I|,
(2) CU∞(x, y, δ): this set consists of all absolutely continuous curves c : [0, 1]→
U such that c(0) = x, c(1) = y, and such that for almost every t ∈ [0, 1],
c′(t) can be written as
∑m
i=1 ai(t)Xi with max1≤i≤m |ai(t)| < δ,
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(3) CU2 (x, y, δ): this set consists of all absolutely continuous curves c : [0, 1]→
U such that c(0) = x, c(1) = y, and such that for almost every t ∈ [0, 1],
c′(t) can be written as
∑m
i=1 ai(t)Xi with
∑m
i=1 |ai(t)|2 < δ2.
The distance ρU : U × U → [0,∞] is defined by
ρU (x, y) = inf{δ > 0 : CU (x, y, δ) 6= ∅}
and ρU∞, ρ
U
2 : U × U → [0,∞] are defined in an analogous manner.2 All three dis-
tances are in fact finite. This is clear for ρU and it follows from the Ho¨rmander
condition and the Chow-Rashevskii theorem ([Mon02]) for ρU∞ and ρ
U
2 . The asso-
ciated metric balls will be denoted BU , BU∞ and B
U
2 (the balls B
U
2 are more or less
the same as the subunit balls which were mentioned in the introduction). Moreover,
if x, y ∈ U then
(2.1)
CU∞(x, y, δ/
√
m) ⊂ CU2 (x, y, δ) ⊂ CU∞(x, y, δ) ⊂ CU (x, y, δ),
so ρU (x, y) ≤ ρU∞(x, y) ≤ ρU2 (x, y) ≤
√
mρU∞(x, y),
and therefore BU∞(x, δ/
√
m) ⊂ BU2 (x, δ) ⊂ BU∞(x, δ) ⊂ BU (x, δ)
for all x, y ∈ U , δ ≥ 0.
Let the symbol I denote a multi-word I = {I1, . . . , In} of length n. In other
words, I denotes a set of n elements, each of which is itself a word Ik ∈ {1, . . . ,m}j
which references an iterated Lie bracket XIk as defined in the introduction. Let I
denote the collection of all multi-words I = {I1, . . . , In} of length n in which |Ik| ≤
τL for each constituent word Ik and define for every smooth coordinate system
(W, {xi}i≤n ⊂ C∞(W ;R)) on M a function Λ(W, {xi}; ·, ·) : W × [0,∞) → [0,∞)
by
Λ(W, {xi};x, δ) =
∑
I∈I
| det(I|x)|δdeg(I),
where for every I = {I1, . . . , In} ∈ I, deg(I) = |I1| + · · · + |In| and det(I|x) =
det(XI1 |x, . . . , XIn |x) denotes the determinant of the matrix which brings the or-
dered coordinate basis (∂x1 |x, . . . , ∂xn |x) onto the ordered list (XI1 |x, . . . , XIn |x).
Many of these determinants will be zero, but the Ho¨rmander condition guarantees
that some of them will be nonzero, so Λ(W, {xi};x, δ) is strictly positive and finite
for all x ∈ W and 0 < δ <∞.
For the remainder of the proof, let x∗ ∈ M denote a fixed yet arbitrary point
in M . To prove Theorem 2.1 we must exhibit a neighborhood Nx∗ of x∗ and a
constant k(x∗) such that the conclusions of the theorem are verified. To do this, let
W 0x∗ and W
1
x∗ be connected open subsets of M such that x∗ ∈ W 1x∗ ⊂⊂ W 0x∗ and
such that W 0x∗ is a coordinate domain with coordinates {xi}i≤n. In [JSC86], it
was proved that there exists c1 > 0 such that E
L,µ
0 (x;x, t) ≤ c1/µ(BM2 (x,
√
t)) for
all (x, t) ∈M × (0,∞).3 Using this inequality, Theorem 2.1 will be proved by way
of a rather lengthy factor-by-factor estimation of the righthand side of the following
2This definition of the metric ρ = ρU coincides with that which is given by Nagel, Stein and
Wainger in [NSW85], and ρU
∞
coincides with ρ4 as defined in that article.
3The notation BM2 refers to the specific instance associated to U = M of the generically
constructed metric balls BU2 .
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inequality:
EL,µ0 (x;x, t) ≤
c1
µ(BM2 (x,
√
t))
= c1
µ(B
W 1x∗
2 (x,
√
t))
µ(BM2 (x,
√
t))
|BW
1
x∗
2 (x,
√
t)|
µ(B
W 1x∗
2 (x,
√
t))
|BW
1
x∗
∞ (x,
√
t/
√
m)|
|BW 1x∗2 (x,
√
t)|
(2.2)
× Λ(W
1
x∗ , {xi};x,
√
t)
|BW 1x∗∞ (x,
√
t/
√
m)|
1
Λ(W 1x∗ , {xi};x,
√
t)
.(2.3)
This inequality holds for x ∈W 1x∗ and 0 < t <∞. To see this, observe that the coor-
dinates {xi} restrict to W 1x∗ and therefore Λ(W 1x∗ , {xi}, ·,
√
t) = Λ(W 0x∗ , {xi}, ·,
√
t)
on W 1x∗ . The notation | · | indicates the measure of a Borel set in the coordinate
volume form dx1∧· · ·∧dxn, so the assumption that W 1x∗ is compactly contained in
W 0x∗ ensures that all expressions involving | · | are finite and positive for 0 < t <∞.
Likewise, since the density µ is assumed to be smooth and nondegenerate, there
exists a smooth function h : W 0x∗ → (0,∞) such that µ = hdx1 ∧ · · · ∧ dxn, so h
must be bounded above and below by positive numbers on W 1x∗ and therefore all
expressions involving µ(·) are finite and positive for 0 < t <∞.
Now that it is clear that the righthand side is a well defined positive number
for 0 < t < ∞, the validity of the inequality is easily seen since each expression
which does not appear in the initial inequality EL,µ0 (x;x, t) ≤ c1/µ(BM2 (x,
√
t))
from [JSC86] appears on the righthand side exactly once in both the numerator and
denominator. We will estimate each factor in the righthand side in sequence, begin-
ning with the first factor in line (2.2). Since W 1x∗ ⊂M , B
W 1x∗
2 (x,
√
t) ⊂ BM2 (x,
√
t)
so µ(B
W 1x∗
2 (x,
√
t))/µ(BM2 (x,
√
t)) ≤ 1. Furthermore, a short computation shows
that |BW
1
x∗
2 (x,
√
t)|/µ(BW
1
x∗
2 (x,
√
t)) ≤ 1/ infW 1x∗ h. Finally, from (2.1) it is clear
that B
W 1x∗
∞ (x,
√
t/
√
m) ⊂ BW
1
x∗
2 (x,
√
t) so |BW
1
x∗
∞ (x,
√
t/
√
m)|/|BW
1
x∗
2 (x,
√
t)| ≤ 1;
so after estimating each of the three factors we have the following estimate for the
product in line (2.2):
(2.4) c1
µ(B
W 1x∗
2 (x,
√
t))
µ(BM2 (x,
√
t))
|BW
1
x∗
2 (x,
√
t)|
µ(B
W 1x∗
2 (x,
√
t))
|BW
1
x∗
∞ (x,
√
t/
√
m)|
|BW 1x∗2 (x,
√
t)|
≤ c1
infW 1x∗ h
for all x ∈ W 1x∗ and all t > 0.
Proceeding to the first factor in line (2.3), observe that in [NSW85] Nagel,
Stein and Wainger have proved that there exists an open set W 2x∗ ⊂ W 1x∗ which
contains x∗ such that ρ
W 1x∗
∞ (ξ, y) ≤ C(W 2x∗)ρW
1
x∗ (ξ, y) for some C(W 2x∗) > 0 and all
ξ, y ∈ W 2x∗ . Assuming henceforth that x ∈W 2x∗ and setting ξ = x the Nagel, Stein,
Wainger result shows that ρ
W 1x∗
∞ (x, y) ≤ δ for any y ∈ BW 1x∗ (x, δ/C(W 2x∗)) ∩W 2x∗
and any δ > 0. In other words, BW
1
x∗ (x, δ/C(W 2x∗)) ∩W 2x∗ ⊂ B
W 1x∗
∞ (x, δ) so after
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writing dt = (
√
t/
√
m)/C(W 2x∗) to condense notation this implies
Λ(W 1x∗ , {xi};x,
√
t)
|BW 1x∗∞ (x,
√
t/
√
m)|
=
|BW 1x∗ (x, dt) ∩W 2x∗ |
|BW 1x∗∞ (x,
√
t/
√
m)|
|BW 1x∗ (x, dt)|
|BW 1x∗ (x, dt) ∩W 2x∗ |
Λ(W 1x∗ , {xi};x,
√
t)
|BW 1x∗ (x, dt)|
≤ |W
1
x∗ |
|BW 1x∗ (x, dist(x, ∂W 2x∗))|
Λ(W 1x∗ , {xi};x,
√
t)
|BW 1x∗ (x, dt)|
since the first factor in the central expression is bounded by one and the second
factor can be greater than one only when BW
1
x∗ (x, dt) intersects ∂W
2
x∗ .
4 Assuming
henceforth that x is restricted to any particular compact subset K ⊂ W 2x∗ , we
can set c2(K) = maxK |W 1x∗ |/|BW
1
x∗ (·, dist(·, ∂W 2x∗))| to estimate the first factor
on the right uniformly. To estimate the second factor on the right, note that
Λ(W 1x∗ , {xi};x, ·) is a polynomial of bounded degree, so
Λ(W 1x∗ , {xi};x,
√
t) = Λ(W 1x∗ , {xi};x,
√
mC(W 2x∗)dt) ≤ c3(W 2x∗)Λ(W 1x∗ , {xi};x, dt)
for some finite c3(W
2
x∗) and therefore
Λ(W 1x∗ , {xi};x,
√
t)
|BW 1x∗∞ (x,
√
t/
√
m)|
≤ c2(K)c3(W 2x∗)
Λ(W 1x∗ , {xi};x, dt)
|BW 1x∗ (x, dt)|
.
In the same article ([NSW85]) Nagel, Stein and Wainger have also proved that for
any compact K ′ ⊂W 1x∗ , there exists a constant c4(K ′) such that
Λ(W 1x∗ , {xi};x, δ)/|BW
1
x∗ (x, δ)| ≤ c4(K ′)
for all x ∈ K ′ and all δ > 0. Putting δ = dt, we have finally obtained the estimate
(2.5)
Λ(W 1x∗ , {xi};x,
√
t)
|BW 1x∗∞ (x,
√
t/
√
m)|
≤ c2(K)c3(W 2x∗)c4(K ′)
for the first factor in line (2.3), provided that x ∈ K ∩K ′ for any choice of compact
sets K ⊂W 2x∗ and K ′ ⊂W 1x∗ .
Proceeding to the second factor in line (2.3), we can write
1
Λ(W 1x∗ , {xi};x,
√
t)
=
Λ(W 1x∗ , {xi};x∗,
√
t)
Λ(W 1x∗ , {xi};x,
√
t)
1
Λ(W 1x∗ , {xi};x∗,
√
t)
and estimate each factor on the right individually. In order to estimate
Λ(W 1x∗ , {xi};x∗,
√
t)/Λ(W 1x∗ , {xi};x,
√
t)
consider the subcollection of multi-words Ix∗ ⊂ I such that det(I|x∗) 6= 0 for
I ∈ Ix∗ . Again, this is a nonempty subcollection according to the Ho¨rmander
condition. Within this subcollection, choose a multi-word Ix∗ = {Ix∗1 , . . . , Ix∗n }
such that the associated exponent deg(Ix∗) = |Ix∗1 |+ . . .+ |Ix∗n | is minimal (i.e. it
is equal to Q(x∗)). Now with this choice of Ix∗ we have
Λ(W 1x∗ , {xi};x∗,
√
t)
Λ(W 1x∗ , {xi};x,
√
t)
=
∑
I∈I | det(I|x∗)|tdeg(I)/2∑
I∈I | det(I|x)|tdeg(I)/2
≤
∑
I∈Ix∗
| det(I|x∗)|tdeg(I)/2
| det(Ix∗ |x)|tdeg(Ix∗)/2
on {x : det(Ix∗ |x) 6= 0}, which is an open neighborhood of x∗. Recall that Ix∗ was
chosen so that the exponent deg(I∗) is minimal among all I ∈ Ix∗ , and this means
4Here, dist refers to the distance induced by ρW
1
x∗ .
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that every exponent of t which appears in the expression above is nonnegative, so
that whenever tdeg(I)/2/tdeg(I
x∗)/2 appears in this sum, it is bounded above by one
provided that t is. In other words,
Λ(W 1x∗ , {xi};x∗,
√
t)
Λ(W 1x∗ , {xi};x,
√
t)
≤
∑
I∈Ix∗ | det(I|x∗)|
| det(Ix∗ |x)|
on {x : det(Ix∗ |x) 6= 0}, provided that 0 < t ≤ 1. Now since deg(Ix∗) = Q(x∗),
Λ(W 1x∗ , {xi};x∗,
√
t) =
∑
I∈Ix∗
| det(I|x∗)|tdeg(I)/2 ≥ | det(Ix∗ |x∗)|tQ(x∗)/2.
From these two estimates follows the desired estimate of the second factor in line
(2.3):
(2.6)
1
Λ(W 1x∗ , {xi};x,
√
t)
≤
∑
I∈Ix∗ | det(I|x∗)|
| det(Ix∗ |x)|
1
| det(Ix∗ |x∗)|tQ(x∗)/2
in which the only x-dependent factor is 1/| det(Ix∗ |x)|. Setting
c5(K
′′) = maxK′′ | det(Ix∗ |(·))|−1 for any compact set K ′′ ⊂ {x : det(Ix∗ |x) 6= 0},
we have after combining the estimates (2.4),(2.5) and (2.6) for lines (2.2) and (2.3),
(2.7) EL,µ0 (x;x, t) ≤
c1c2(K)c3(W
2
x∗)c4(K
′)c5(K
′′)
∑
I∈Ix∗ | det(I|x∗)|
(infW 1x∗ h)| det(Ix∗ |x∗)|
t−Q(x∗)/2
for all x ∈ K ∩K ′ ∩K ′′ and 0 < t ≤ 1. This estimate holds, albeit with variable
constants c2(K), c3(W
2
x∗), c4(K
′) and c5(K
′′), for any choice of compact sets K ⊂
W 2x∗ , K
′ ⊂ W 1x∗ and K ′′ ⊂ {x : det(Ix∗ |x) 6= 0}, so it is clear that K,K ′ and K ′′
can be chosen so that K ∩K ′ ∩K ′′ contains a full open neighborhood Nx∗ of x∗.
After such a choice has been made, setting
k(x∗) =
c1c2(K)c3(W
2
x∗)c4(K
′)c5(K
′′)
∑
I∈Ix∗ | det(I|x∗)|
(infW 1x∗ h)| det(Ix∗ |x∗)|
completes the proof of Theorem 2.1.
The underlying principle here is that the minimal number of brackets required
to generate the tangent space at x∗ indicates the degree to which the operator L
will allow infinitessimal heat flow away from x∗: if more brackets are required to
generate Tx∗M than are required to generate TxM for x near x∗ then it will be
more difficult for heat to flow away from x∗ in small times and therefore it should
be expected that EL,µ0 (x∗;x∗, t) will have a more severe singularity as t → 0 than
EL,µ0 (x;x, t), thus allowing E
L,µ
0 (x;x, t) to be controlled in the t → 0 limit by
EL,µ0 (x∗;x∗, t). On the other hand, as a simple consequence of the regularity of
the vector fields X1, . . . , Xk, it is always true that an equal or greater number of
brackets are required to generate Tx∗M than TxM for x near x∗. This is the phe-
nomenon which is borne out in the proof of the Theorem 2.1, and in particular in
the estimates which lead to (2.6). If (XIx∗
1
|x∗ , . . . , XIx∗n |x∗) is a “minimal frame” at
x∗ in the sense that deg(Ix∗) = Q(x∗), then it is not necessarily a minimal frame at
nearby points - but the redeeming feature is that, by continuity, the moving frame
x 7→ (XIx∗
1
|x, . . . , XIx∗n |x) must be nondegenerate in a full open neighborhood of x∗
and therefore it must control the singularity of EL,µ0 (x;x, t) as t → 0 if x is suffi-
ciently near x∗. If a lower order frame exists at a point x which is near x∗, it will
SPECTRAL ASYMPTOTICS FOR OPERATORS OF HO¨RMANDER TYPE 11
only increase the propensity for heat to flow away from x, thereby making the diag-
onal singularity of EL,µ0 (x;x, t) less severe and thus controllable by E
L,µ
0 (x∗;x∗, t).
This is what occurs if x∗ lies on the boundary of a level set of Q, for instance.
3. Proofs of Theorems 1.2 and 1.3
For any c ∈ R, EL,µc = e−tcEL,µ0 . In particular, this applies for c = maxV,
minV ∈ R for any V ∈ C∞(M ;R). Elementary considerations involving extremal
principals for parabolic operators demonstrate that
e−tmaxV EL,µ0 = E
L,µ
maxV ≤ EL,µV ≤ EL,µminV = e−tminV EL,µ0 .
Therefore,
EL,µ0 − EL,µV ≤ EL,µ0 − EL,µmaxV = (1− e−tmaxV )EL,µ0 = e−tmaxV (etmaxV − 1)EL,µ0
and by a similar computation, EL,µV − EL,µ0 ≤ (e−tminV − 1)EL,µ0 . Therefore,
|EL,µV −EL,µ0 | ≤ etmax |V |(etmax |V |−1)EL,µ0 . The first consequence of this estimate
is the analog of Corollary 2.2 for nonzero V ∈ C∞(M ;R):
tQL/2EL,µV (x;x, t) ≤ tQL/2|EL,µV (x;x, t) − EL,µ0 (x;x, t)| + tQL/2EL,µ0 (x;x, t)
≤ etmax |V |(etmax |V | − 1)tQL/2EL,µ0 (x;x, t) + tQL/2EL,µ0 (x;x, t)
≤ (e2max |V | + 1)kL(3.1)
for (x, t) ∈M × (0, 1]. Additionally, by Theorem 1.1,
|tQL/2EL,µV (x;x, t) − ǫL,µ0 (x)| ≤ tQL/2|EL,µV (x;x, t) − EL,µ0 (x;x, t)|
+ |tQL/2EL,µ0 (x;x, t) − ǫL,µ0 (x)|
= tQL/2|EL,µV (x;x, t) − EL,µ0 (x;x, t)|+ |RL,µ0 (x, t)|
≤ etmax |V |(etmax |V | − 1)tQL/2EL,µ0 (x;x, t) + |RL,µ0 (x, t)|
≤ etmax |V |(etmax |V | − 1)kL + |RL,µ0 (x, t)|
= o(1)
pointwise as t→ 0. Thus,
(3.2) lim
t→0
tQL/2EL,µV (x;x, t) = ǫ
L,µ
0 (x)
pointwise at every x ∈M .
Using these estimates, we can prove Theorem 1.2 as follows:
lim
t→0
tQL/2TrL2 e
−t(L+V ) = lim
t→0
∫
tQL/2EL,µV (x;x, t) dµ(x)
=
∫
lim
t→0
tQL/2EL,µV (x;x, t) dµ(x)
=
∫
ǫL,µ0 (x) dµ(x).(3.3)
The first equality is a standard fact concerning kernels of trace class operators.
The second equality is by dominated convergence, which is valid according to (3.1),
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and the third equality is a consequence of the pointwise limit (3.2). Now (3.3) is
equivalent to the asymptotic equality
(3.4) TrL2 e
−t(L+V ) =
(∫
ǫL,µ0 dµ
)
t−QL/2 + o(t−QL/2)
as t→ 0, and Theorem 1.2 is proved.
In Theorem 1.3, L is assumed to be self-adjoint and therefore L + V is also
self-adjoint since V is real. If P+µ denotes the L
2(M,µ)-orthonormal projection
onto the eigenspaces of L + V corresponding to strictly positive eigenvalues, then
evidently
lim
λ→∞
N(λ, L+ V )λ−QL/2 = lim
λ→∞
[N(λ, L + V )−N(0, L+ V )]λ−QL/2
=
limt→0 t
QL/2TrL2(P
+
µ e
−t(L+V ))
Γ(QL/2 + 1)
=
limt→0 t
QL/2TrL2 e
−t(L+V )
Γ(QL/2 + 1)
=
∫
ǫL,µ0 dµ
Γ(QL/2 + 1)
.
The first and third equalities hold because L + V can have at most finitely many
negative eigenvalues, the second equality is a routine application of Karamata’s
Tauberian theorem (see [BGV04], e.g.), and the fourth equality follows from (3.4).
This completes the proof of Theorem 1.3.
4. The Dirichlet Boundary Value Problem
In this section we will consider the analogues of Theorems 1.2 and 1.3 for
the Dirichlet boundary value problem in precompact domains in arbitrary smooth
manifolds; i.e. M will be a generic smooth manifold (not necessarily compact) and
L will be an operator on M of the form
(4.1) L = −
∞∑
i=1
X2i +
∞∑
i,j=1
cij [Xi, Xj ] +
∞∑
i=1
γiXi.
It is assumed that the Ho¨rmander condition is satisfied and that vector fields {Xi}
form a locally finite collection in the sense that every point in M is contained
in a neighborhood which intersects only finitely many of the supports of the Xi.
Thus, there are no convergence issues involved with the infinite sums in (4.1), and
furthermore any operator which is locally defined in the form (4.1) (with finite
sums) can in fact be written in this form globally (with locally finite sums) within
a perturbation by a smooth real potential. As before, V denotes a generic element
of C∞(M ;R) and µ denotes a generic smooth and nondegenerate volume density
on M .
For any connected open set Ω ⊂⊂ M , the homogeneous dimension is defined
just as it was in the compact case, except that we will only consider its values on Ω
(i.e. QΩL = maxΩQ(·), Q(·) is locally bounded and integer-valued so the maximum
is attained). The Dirichlet realization of L + V on L2(Ω, µ) is constructed as fol-
lows. The scalar product on C∞0 (Ω;C) given by (u, v) 7→ Re 〈(L+ V )u, v〉L2(Ω,µ)+
κ 〈u, v〉L2(Ω,µ) is sesquilinear for any κ ∈ R and positive-definite (hence Hermitian)
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provided that κ is sufficiently large. In fact, by the Poincare´ inequality the result-
ing positive-definite scalar product is equivalent to (u, v) 7→∑∞i=1 〈Xiu,Xiv〉L2(Ω,µ)
(the sum is finite since Ω is compact). Thus, we can define the anisotropic Sobolev
space H10 (Ω, µ) associated to (L + V )|C∞0 (Ω;C) to be the completion of C∞0 (Ω;C)
in the positive-definite Hermitian product 〈u, v〉H1
0
(Ω,µ) =
∑∞
i=1 〈Xiu,Xiv〉L2(Ω,µ).
Now for any κ ∈ R, the sesquilinear scalar product
(u, v) 7→ 〈(L+ V + κ)u, v〉L2(Ω,µ) is continuous on H10 (Ω, µ). Moreover, it is co-
ercive provided that κ is sufficiently large (as above), so the Lax-Milgram lemma
ensures that (L + V + κ)|C∞
0
(Ω;C) extends to a continuous linear map of H
1
0 (Ω, µ)
into its anti-dual H10 (Ω, µ)
′
, which is a linear isomorphism for sufficiently large κ.
However, L2(Ω, µ) embeds canonically into the anti-dual H10 (Ω, µ)
′
so the resulting
closed operator L+V +κ on L2(Ω, µ) with domain {u ∈ H10 (Ω, µ) : (L+V +κ)u ∈
L2(Ω, µ) ⊂ H10 (Ω, µ)
′} is surjective for sufficiently large κ, and by R.S. Phillips’
criterion ([Phi59]), this is enough to ensure that this extension of −(L+ V + κ) is
maximally dissipative.
It will also be of use to observe at this point that the adjoint of this realization
of L + V + κ has the same domain and is constructed from the formal adjoint of
L+V in the same manner. Thus, if L is formally self-adjoint against the density µ
(i.e. if it is symmetric on C∞0 (Ω;C)) then this extension of (L+ V + κ)|C∞0 (Ω;C) is
the Friedrichs’ extension, in particular it is self-adjoint in L2(Ω, µ) for any κ ∈ R.
Since−(L+V+κ) with the given domain is maximally dissipative for sufficiently
large κ, it generates a contraction semigroup e−t(L+V+κ) on L2(Ω, µ) with smooth
kernel DL,µV+κ : Ω × Ω × (0,∞) → (0,∞). The kernel for the semigroup e−t(L+V )
corresponding to κ = 0 (which may fail to be a contraction semigroup) is easily
found to be DL,µV (·; ·, t) = etκDL,µV+κ(·; ·, t) and for V ≡ 0, Theorem 1.1 holds in Ω:
(4.2) tQ
Ω
L/2DL,µ0 (x;x, t) =
N∑
j=0
ǫL,µj/2 (x)t
j/2 + SL,µN/2(x, t)
and SL,µN/2(x, t) = o(t
N/2) pointwise. It is important to keep in mind that for any
x ∈ Ω, the coefficients ǫL,µj/2 (x) are the same as those described in the introduction for
the global kernel EL,µ0 on any compact manifold into which an open neighborhood of
x is embedded and on which L and µ are smoothly extended,5 they are determined
only by the germ at x of the coefficients of the operator and the volume density.
To conclude this article we will prove for the Dirichlet realization of L+ V on
L2(Ω, µ) the following analogues of Theorems 1.2 and 1.3:
Theorem 4.1. If e−t(L+V ) denotes the semigroup generated by the Dirichlet
realization of L+ V on L2(Ω, µ) then the asymptotic equality
(4.3) TrL2(Ω,µ) e
−t(L+V ) =
(∫
Ω
ǫL,µ0 dµ
)
t−Q
Ω
L/2 + o(t−Q
Ω
L/2)
holds as t→ 0.
5This will be true provided that for a given extension, Q is maximized on Ω - if this is not
the case then the coefficients will change by a translation in the index j. In any case this is a
minor technicality.
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Theorem 4.2. If L is formally self-adjoint in Ω and N(λ, L+ V ) denotes the
number of eigenvalues of the Friedrichs extension of (L+V )|C∞
0
(Ω;C) which are not
greater than λ, then the asymptotic equality
N(λ, L+ V ) =
∫
Ω ǫ
L,µ
0 dµ
Γ(QΩL/2 + 1)
λQ
Ω
L/2 + o(λQ
Ω
L/2)
holds as λ→∞.
Again, a necessary and sufficient condition for the positivity of the nonnegative
coefficient
∫
Ω
ǫL,µ0 dµ is that {Q(·) = QΩL} has positive measure in Ω. Furthermore,
we can assume without loss of generality that M is compact to begin with, for if
not then the problem can be reconstructed on a domain in a compact manifold
as follows. There exists a smoothly-bounded and connected domain Ω′ such that
Ω ⊂⊂ Ω′ ⊂⊂ M , thus Ω ⊂ Ω′+ ⊂ Ω′+ ⊎ Ω′− where Ω′+ ⊎ Ω′− denotes the closed
double of Ω′. The operator L and volume density µ can then be smoothly extended
from Ω ⊂ Ω′+ to the entirety of Ω′+⊎Ω′−. Furthermore, the set {Q(·) ≤ QΩL} is open
in Ω′+ ⊎ Ω′− and it contains the compact set Ω, and this means that the extended
operator L can be further modified if necessary in the complement of Ω so that
Q is maximized on Ω. This will ensure that if EL,µ0 denotes the heat kernel on
the compact manifold Ω′+ ⊎Ω′− associated to these extensions of L and µ, then the
coefficients ǫL,µj/2 appearing in (1.3) (which holds for E
L,µ
0 since Ω
′
+⊎Ω′− is compact)
and (4.2) coincide on Ω.
Now Theorem 4.2 will follow as a direct corollary of Theorem 4.1, which in turn
will follow for nonzero V ∈ C∞(M ;R) if it is proved for the Dirichlet realization of
L alone, with no potential. These facts are proved for Ω as in section 3 where they
are proved for compact M . In particular the parabolic extremal principle plays the
same role here as it does in section 3, except that in this case the parabolic boundary
will contain nontrivial lateral components since ∂Ω is nonempty. However, the
inequality
e−tmaxΩ VDL,µ0 = D
L,µ
max
Ω
V ≤ DL,µV ≤ DL,µmin
Ω
V = e
−tmin
Ω
VDL,µ0
will still hold because the Dirichlet boundary condition forces all of these heat
kernels to vanish on the lateral boundary. The problem is thus reduced to bounding
tQ
Ω
L/2DL,µ0 (x;x, t) by a constant, uniformly for (x, t) ∈ Ω× (0, 1].
Since the domain Ω is an open manifold, there is no straightforward way to get
such an estimate as there is in the compact case. However, the desired estimate can
be deduced by comparing DL,µ0 with the global heat kernel E
L,µ
0 . Since the global
kernel is positive, the difference EL,µ0 −DL,µ0 is nonnegative on the entire parabolic
boundary. This means that the parabolic extremal principle can be applied yet
again to demonstrate that EL,µ0 ≥ DL,µ0 in the entirety of Ω × (0,∞) whence
tQ
Ω
L/2DL,µ0 (x;x, t) ≤ tQ
Ω
L/2EL,µ0 (x;x, t) ≤ kΩL in Ω × (0, 1] by Corollary 2.2, which
holds for the global kernel EL,µ0 . Theorems 4.1 and 4.2 follow from this by proofs
which are analogous to those presented in section 3 for Theorems 1.2 and 1.3,
respectively.
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